PROBLEM 1
If Z is an arbitrary function of the variable quantities x and y and quantities involving
their differentials p, q, r, s etc. so that its differential is of this kind
dZ = Mdx + Ndy + Pdp + Qdgq + Rdr + Sds + etc.,

to find the differential variation of the integral formula [ Zdx extended from the limit
x=0tox =a.

SOLUTION

Therefore, one has to find § [ Zdx, and since ¢ [ Zdx = [ 6Zdx, because of
ox = 0, we will immediately have

0Z = Néy + Pép + Qdq + Rér + Sés + etc.

But for constant differential dx

_6dy  ddy
N
_ odp _ dép _ dddy
odx dx dx?’
5 0d0 _dog _ doy
T T dx T Ao’
o i _ dor _ day
dx dx dx’
whence we will obtain:
2 3 4
57 = N5y+Pd‘5y +Qd o | ‘;jg/ +de(5y +etc.

But now for the integration of the formula [ 6Zdx, by integration by parts, we
see that

/Néydx = /(5ydx-N,
/ Pdsy = P(Sy - / SydP,

dds 5
JE= Yao+ [ Yaag
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etc.
From these one hence derives the differential variation in question:
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/de—/éydx <N—d+ T2 —dx3—|—dx4—etc.)

dQ ddR S
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3
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+ etc.,

where the first part must be extended from the limit x = 0 to x = a, which
therefore contains all intermediate variations; but in the remaining absolute
parts one can immediately put x = 4, and dy will denote the increment of
the most outer value of y; but ddy, dddéy etc. will additionally depend on the
increments of the contiguous values.

COROLLARY 1

Therefore, if the integral formula f Zdx must be a maximum or a minimum
for the limit x = g, it is necessary that its differential variation vanishes, no
matter how the variations Jy are assumed. Therefore, first it is clear that for
all intermediate values of x

ddQ d®R  d*s

ST 000 et =0,
N dx+dx2 dx3+dx4 e

in which equation the required relation among x and y is contained.



COROLLARY 2

But hence, if the terms P, Q, R etc. occur, because of the integrations to be
done, the relation among x and vy is not determined completely, since through
each integration an arbitrary constant is introduced into it. Therefore, in these
cases one can add several other conditions to the question of the maxima or
minimum, as, e.g., that for given values of x the other variable y has given
values.

COROLLARY 3

But having omitted conditions of this kind, one can formulate a new question,
how those constants introduced by integration must be defined in order to
obtain either the maximum of all maxima or the minima of all minima: But
for this it is necessary that for x = a these equations are satisfied:

dQ  ddR %S
T Tae e Y
dR  ddS
Qg Tae =
as
R_E_O’
S=0.

COROLLARY 4

Further, for the same reasons it is necessary that for the other limit x = 0 these
same equations are satisfied. For, since the differential variation must vanish
for x = 0, the integral part will involve a constant which fulfills this condition;
but this constant must render the absolute terms, if one puts x = 0 in them,
equal to zero. Hence those formulas

dQ ddR

dR ds
P—E—Fﬁ—etc., Q—E—i—etc., R—E—FetC

must vanish in the case x = 0 and in the case x = a.



PROBLEM 2

If the function Z, aside from the quantities x, y, p, q etc., also contains the integral
formula ® = f 3dx somehow so that

dZ = Ld® + Mdx + Ndy + Pdp + Qdq + Rdr + Sds + etc.,
but in the formula ® 3 is an arbitrary function of x, y, p, q, r etc. while
d3 = Mdx + Ndy + Pdp + Qdg + Rdr + &ds + etc.,

to define the differential variation of the integral formula [ Zdx extended from the
limit x = 0 to x = a.

SOLUTION
Since § [ Zdx = [ 6Zdx, as before, let us especially find §Z, and first it is
immediately clear that
0Z = L6P + Néy + Pop + Qdg + Rér + etc,,

where one, as before, has

_ déy _ ddsy _ d3sy _d*y
5;7_%' 00 = dx?’ Cdx8’ 0s = dx*
but, because of 6® = J [ 3dx = [ §3dx, in like manner it will be

03 = Moy + Pop + Qg + Rér + etc.

or etc.,

and hence
5 = / dx (NGy + Pop + Q0q + Ror + etc.)

Therefore, since Ldxd®d is the first term of the formula 6Zdx, it will be
/ Ldx6d = / Ldx / (NSy + Pop + Qg + Ror + etc.) dx.
Let [ Ldx = V and one will have
/ Ldxé® = V / dx (NSy + Pop + Qg + Ro7 + etc.)

- / Vdx (Noy + Pop + Qg + Rér +etc.).



But here it does not matter, according to which law the integral f Ldx =V
is taken; for, we would add a constant, and it would be cancelled in this
expression again. Therefore, let us put this integral to be taken in such a
way that it vanishes for x = 0, and since the differential variation must be
accommodated to the limit x = g, it will be

/ Ldxé® = — / Vdx (NSy + Pop + Qdq + Ror + etc.),
if to which the remaining parts are added, we conclude
5 / Zdx = /dx(N — V)oY + (P — VB)op + (Q — V)dq + etc.,

where, if we apply the reduction indicated above, this differential variation
already restricted to the limit x = a:

/5ydx ((N - VM) — 4P~ V¥) + dd(Q - V) &R VR) +etc.>

dx dx2 i3
oy ((P vy - HQVA) MRV etc.>
+ %y <(Q —-VQ) - d(Rd_XZV%) + etc.>
+ CZ;S;/ (R — VOR) —etc.),

the structure of which expression is obvious.

COROLLARY 1

Therefore, this solution results from the preceding, if for the simple quantities
N, P, Q, R etc. these composite ones are substituted:

N—VRX P-VP, Q-VQ, R-VR etc,

where V = [ Ldx, having taken the integral in such a way that it vanishes for
X =a.



COROLLARY 2

Therefore, if the integral formula f Zdx must be rendered maximal or mi-
nimal for the limit x = a, one has to arrange that from the variation of all
intermediate values of y no differential variation results, whence the relation
among x and y is defined in such a way that:

dP—-Vp) dd(Q-VQ) d*R—-VNR)

(N—-VM) — Ix + 12 - 103 +etc. =0,

which relation therefore already involves the prescribed limit x = a so that,
if another limit is prescribed, also another indefinite relation among x and y
would result, since the quantity V also contains the value x = a.

COROLLARY 3

This way a relation among x and y of such a kind is found, from which
the formula [ Zdx obtains a maximum or minimum value in such a way
that, while the most outer values of y remain the same, no matter how the
intermediate values are changed, the value of the formula [ Zdx will always
result either smaller in the case of a maximum or larger in the case of a
minimum than if the correct relation would be used.

COROLLARY 4

But if even the most outer values are permitted in our determination, from the
differential variation we found one can also define those. Of course, the found
relation must be determined by integrations in such a way that for x = a also
the absolute part vanishes. Hence one has to arrange that for x = a

_dQ-VQ)  dd(R—VR)

(P —Vp) P 12 —etc. =0,
d(R—VR) dd(S—Ve) B
(Q-VQ) - I + I —etc. =0,
(R — VR) _AE-VS) L e — 0
dx
etc.



COROLLARY 5

In this case V = 0, but hence only those terms involving the quantity V can
be thrown out. For, where its differential occurs, since ‘% = L, for L one has
to write the value it has for x = a4, which might not vanish in this case, which
is also to be noted on the following differentials:

dx2  dx’  dx3  dx? v

which values must be taken in general in such a way first before one puts
x = a in them.

COROLLARY 6

But if also the first values of y are arbitrary, then these equations must be
satisfied by putting x = 0, where the same is to be noted as just above. Of
course, these equations must be expanded completely before one sets x = 0
in them. But in these conditions only the constants entering into the indefinite
relation among x and y are determined.

PROBLEM 3

If the function Z, aside from the quantities x, y, p, q, r etc. also involves the two
integral formulas ® = [ 3dx and ®' = [ 3'dx somehow, so that
dZ = Ld® + L'd®' + Mdx + Ndy + Pdp + Qdq + Rdr + etc.,

but in these formulas ® and @' the functions 3 and 3 are just determined by the
quantities x, y, p, q, r etc. so that

d3 = Mdx + Ndy + Pdp + Qdq + Rdr + etc.,
d3' = M'dx +Ndy +P'dp + Q'dg + R'dr + etc.,

to define the relation among x and y that this integral formula [ Zdx extended from
the limit x = 0 to the limit x = a has the maximum or minimum value.



SOLUTION

Therefore, one has to define the differential variation of the formula f Zdx,
since which is ¢ f Zdx = f 0Zdx, first we have:

6Z = L6® + L'6®' + Noy + Pép + Qbg + Ror + etc.,
but further
5D =5 / 3dx = / 53dx and 60 = / 53'dx
and hence

03 = Moy + Pdp + Qbq + Rér + etc,,
03" = Néy +P'6p + Q'6g + Ror + etc.,

from which we conclude
0P = /dx (Noy +Pop + Qdq + Ror +etc.),
50 = / dx (Woy +P'0p + Q'6q + Ror +etc.) .
Therefore, since the differential variation in question is
5 / Zdx — / Ldx5® + / L'dxsd + / Ndxsy + / Pdxbp + etc.,
letus put [ Ldx = V and [ L'dx = V’, and, as above, it will be
/ Ldxé® = V / dx (NBy + Pbp + Q64 + Ror + etc.)
- / Vdx (Moy + Pop + Qoq + Ror + etc.),
/ L'dx6d = V' / dx (W oy +P'5p + Q'5q + N or +etc.)
- / Vidx (W oy + '0p + Q'6q + Wor —etc.) .

But let us put that these integrals V = [ Ldx and V' = [ L'dx are taken in
such a way that they vanish for x = a, and the first parts of the preceding
formulas will immediately become zero, since their values must be taken for
the limits x = a. Therefore, combining all parts, we will obtain

5/de: /dxy(N—V‘ﬁ—V"ﬁ’),



+ /dchp(P — VB - Vg,

+ /dxaq(Q —Va - V')

+ /dxér(R - VR - V'R)
etc.

But since
/de&p = Péy — /5ydP,

/de(s - Qd‘lf _ (S]/dQ+/5yddQ,
dd(Sy déy oy
[ Raxor = ﬁ—ﬁﬂu aar— [ L aR
etc.,

we will find the differential variation in question

(5/de

o dA(P—VB—V'Y)  dd(Q - VA - V'Y
:/dxéy((N—V’ﬁ—V’ﬁ)—( ﬁ ¥) | dd(Q = )—etc.>
+ oy ((P — VR -V'P) - Q- V;D;C_ V) + etc.>

dsy o d(R—VR— V')
+d<(Q—VQ—V£2)— n +etc.)
djiy (R— VR — V') —etc))

+ etc.

COROLLARY 1

For the sake of brevity let us put:
N—-VR—VN =(N), P-VE-VP =(P), Q—Va—-V'Q = (Q) etc,,

and the indefinite relation among x and y will be expressed by this expressi-

on:
d(P) dd(Q) d*(R) B
(N)— I T g T e tete= 0,




which nevertheless already involves the prescribed limit x = a, since the
integral formulas V = [ Ldx and V' = [ L'dx were taken in such a way that
they vanish for x = a.

COROLLARY 2

But the integration of this equation, if it was a differential equation, involves

two arbitrary constants, and if also those are arbitrary, then, in order for the

formula | Zdx to obtain a maximal or minimal value, they must be defined in

such a way that so for x = 0 as for x = a also these equations are satisfied
Q) , dd(R) 4(R)

(P) — B T —ete. = 0, (Q)-— — tete.= 0, (R)—etc.=0.

COROLLARY 3

If the function Z does not only involve two integral formulas ® = [ 3dx,
P = f 3'dx but also " = fB”dx, " = f 3" dx but in such a way that the
letters 3, 3/, 3" etc. denote the functions only of the quantities x, y, p, g, r
etc. and they do not involve any more integral formulas, from the solution
of the problem the differential variations of formulas of this kind are easily
assigned.

PROBLEM 4

If the function Z, aside from the quantities x, y, p, q, t etc. also involves the integral
formula ® = f 3dx somehow, that

dZ = Ld® + Mdx + Ndy + Pdp + Qdq + Rdr + etc.,

but the function 3, aside from x, y, p, q, r etc., again involves an integral formula
® = [ 3dx, so that

d3 = L£d® + Mdx + Ndy + Pdp + Qdq + Rdr + etc.,

10



the function 3 on the other hand only consists of the quantities x, y, p, q, r etc.,
where
dz = mdx + ndy + pdp + qdq + vdr + etc.,

to define the relation among x and y that this integral formula [ Zdx extended from
x = 0 to x = a has a maximum or minimum value.

SOLUTION

For this aim one has to find the differential variation of the formula f Zdx;
since 6 [ Zdx = [ 6Zdx, first we will have:

0Z = Ld® + Noy + Pop + Qbq + Ror + etc.,

and hence the differential variation will be
5 / Zdx = / Ldxé6d + / Ndxdy + / Pdxsp + / Qdx5q + / Rdxér + etc.

But now, because of §® = § [ 3dx = [ §3dx and

03 = L6D 4 Ny + Pop + Qbq + Rir + etc.,
in like manner we will have

5O = / Sdx6D + / Ndxby + / Pdxdp + / Qdxéq + / Rdxor + ete.
Finally, 6® = 6 [ 3dx = [ J3dx, and hence, because of
03 = néy + pdp + qdq + vér + etc.,
it will be
0P = /udxéy + /pdxép + / qdxéq + /tdchr + etc.
Now let [ £dx = v, and it will be
/deMD =0 / dx (ndy + pdp + qéq + tér + etc.)

- /vdx (ndy + pdp + qoq + vor + etc.),

11



whence we get
0P =v / dx (ndy + pdp + qdg + vor + etc.)
+ /dx&y (M —on) + /dchp (P —op) + /dxéq (Q —vq) + etc.
Further, let us set [ Ldx = V and [ Lvdx = T, and it will be
/decSCD =T / dx (ndy + pdp + qoq + vor + etc.)
— / Tdx (ndy + pop + qoq + tor + etc.)
+V/dx5y(‘ﬁ —on)+V / dxop(P —vp) + V/dxéq(ﬂ —vq) + etc.
— / Vdxéy (N —on) + / Vdxdp(B —rp) + / Vdxéq(Q — vq) + etc.
Therefore, adding all these, the differential variation in question will be
5/de - T/dx(msy +pop + 40q + 17 + etc.)
+ V/dx&y(‘ﬁ —on) + V/dx(5p(‘43 —op) + V/dxéq(f) —vq) + etc.
+ V/dxéy(N —VN+ Von —Tn)
+ /dx&p(P ~ VR + Vop — Tp)

+ /dxéq(Q —VQ+ Voqg—Tq)

etc.,

since which must be extended to the limit x = a, let us put the integrals
J Ldx =V and [ Ldx [ £dx = T, since the determination of the integration
is arbitrary, to be taken in such a way that they vanish for x = a, in order to
simplify our expression. Then, for the sake of brevity let us set:

N — VN — (Vo—T)n=(N),
P —VP—(Vo—T)p = (P),
Q-Va—(Vo—-T)g=(Q),
R—VAR—(Vo—T)r = (R)

12



while, as we assumed, v = f £dx, and the differential variation in question
will be reduced to this form:

5/de = /dxéy <(N) _ap) + 4d(Q) _ (R) —I—etc.)

dx dx? dx3
d dd(R

+Jy ((P) — ‘(18) + dgcz) - etc.)

doy d(R)
+ E <(Q) - W + etc.>

ddé
+ dxzy ((R) — etc.)

etc.

COROLLARY 1

Since v = [ £dx, it will be

Vv:/de/de and Vv—T:/de/i}dx—/de/de:/de/de.

But since by the assumed determinations the expression Vv — T vanishes for
x =a,if we put [Ldx = V and [ £Vdx = 9, these two integrals must be
taken in such a way that they vanish for x = a.

COROLLARY 2

Therefore, having introduced these formulas f Ldx = V and f LVdx =0
into the calculation, it will be

N — VOt + Bn = (N),

(
P — VP +Bp = (P),
Q- VQ+Bq =(Q),
R — VR + Bt = (R)
etc.,

and the differential variation will be expressed by the letters (N), (P), (Q) in
the same way as it had been defined above in the first case by the letters N, P,

Q etc.
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COROLLARY 3

From these it is now easily concluded, if also the function 3 involves a new
integral formula, how the differential variation is expressed then; if it was

dz = 1d®" + mdx + etc.,

then one would additionally have the third formula v = [ [Udx in addition to
V = [ Ldx and U = [ £Vdx; everything else should be clear for the attentive
reader.

PROBLEM 5
If the function Z, aside from the quantities x, y, p, q, r etc., also involves the integral
formula ® = f 3dx somehow, that
dZ = Ld® + Mdx + Ndy + Pdp + Qdq + Rdr + etc.,

but the function 3, aside from the quantities x, y, p, q, r etc., again involves the same
integral formula ® = [ 3dx, so that

d3 = £dd + Mdx + Ndy + Pdp + Qdq + Rdr + etc.,

to define the relation among x and y that the integral formula | Zdx extended from
the limit x = O to the given limit x = a has a maximal or minimal value.

SOLUTION

As up to this point the differential variation is

o / Zdx = /de(SCD + /Ndxéy + / Pdxsp + / Qdxéq + /Rdx&r + etc.,
but further we have 6® = ¢ [ 3dx = [ 63dx and
3 = £O+ Ny + Pp + Qdg + Rr + etc.

But since ® = [ 3dx, it will be

_do
 dx

6dd  dod

3
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Let us put
0@ =u and Noy+*Pdp + Qdq + Rér +etc. = w,

so that one obtains this equation

du
%—E«M‘i‘ah

whose integral, having taken e for the number whose logarithm is = 1, reads
o J 8, _ /e’gd"wdx,
and hence
5P = e L / e~ /2 dx (MSy + Pbp + Q6q + Ror + etc.),
whence one concludes

/ Ldxé6® = /ef Sx] dx / e~ /S dx (MSy + Pbp + Q6q + Ror + etc.) .

Now put [ e/t dx = V, which integral is to be taken in such a way that it
vanishes for x = a4, and let e~ Jedxy — U, it will be

/ Ldx6® = — / Udx (M3y + Pop + Qdq + Rér + etc.) ;

if to which part all remaining parts are added and the above reductions are
done, the differential variation in question § | Zdx will result as

~ [ dxey <(N - AP ;XU‘B) + dd(Qd;ZUQ) - d3(Rd;3u%) + etc.>
+ 8y ((P —Up) — 4(Q ;xug) + dd(Rd;um) —~ etc.>

T % ((Q —uQ) - d(R — UR) d—xusri) + etc.)

+ddx§2y((R—U9‘i) ~ete),

15



from which as above the relation among x and y is found so that the integral
formula f Zdx has the maximal or minimal value for x = a; for, this relation
is expressed by this equation:

d(P—-Up) dd(Q-UQ) d*(R-UNR)

(N—-UM) — Ix + 12 - 1 +etc. = 0.

But then for the determination of the constants introduced by integrations
each absolute part can be rendered equal to zero for the case x = a and the
case x = 0.

COROLLARY

Since we pute” Jedxy — U,itwillbe V = e/ Lx 1T whence by differentiating
AV = e/ S (dU 4 Ugdyx).
But since dV = e/ %dx Ldx, one will have this differential equation
du + ULdx = Ldx,

from which the quantity U must be determined in such a way that it vanishes
for x = a.

PROBLEM 6

If the function Z, aside from the quantities x, y, p, q, r etc., also involves the integral
formula ® = [ Zdx so that

dZ = Ld® + Mdx + Ndy + Pdp + Qdq + Rdr + etc.,

to define the relation among x and y that this formula [ Zdx has a maximum or
minimum value, if extended from the limit x = 0 to x = a.
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SOLUTION
Since the differential variation is

5 / Zdx = / Ldxé®d + / Ndxdy + / Pdxép + / Qdxdq + / Rdxor + etc.,

one will also have /& = f 6Zdx, whence by differentiating:
déP = Ldxd® + Ndxdoy + Pdxdp + Qdxdq + Rdxdr + etc.,

and hence, as before, one finds
5P = el Lx / e~/ L4y (NSy + Pop + Q0q + Ror + etc.),
whence, because of f el Lax[ gy = e/ Ldx \ve obtain
/ Ldxs® = el 14 / e J L gy (NSy + Pép + Qdq + Ror + etc.)

- /dx (Néy + Pép + Qdq + Ror + etc.),

which last term is cancelled by the remaining parts. Hence, if we put e~/ 14¥ =
T, the whole differential variation will be

3
5/de - ;/dxéy <TN _ TP ddTQ d.TR —i—etc.)

dx dx? dxs
d.T dd. TR
+dy (TP _ 4719 + — etc.)

dx dx?
déy d.TR
+ E (TQ - W +etc.>
ddoy
t 2 (TR — etc.)
etc.

Therefore, for the formula f Zdx to become maximal or minimal, the indefinite
relation among x and y will be expressed by this equation:

4.TP , ddTQ d.TR
dx dx? dx3

but each absolute part will serve for the determination of the constants
introduced by integration.

TN — +etc. =0;
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SCHOLIUM

Therefore, since this analysis does not involve any geometrical considerations,
we not only obtained the solutions of all problems extending to the method
of maxima and minima which I already gave in my book on maxima and
minima, but this method also gave a peculiar determination of the constants,
which were completely undetermined in the first method; hence innumerable
interesting problems can be resolved quickly, to which the first method can
not conveniently be applied. As if, e.g., among all lines to be drawn from a
given point not to another point but to another given line or curve the one
is required, along which a body descending from that initial point reaches
that other curve in the shortest amount of time, this problem is easily solved
by consideration of those absolute parts, while in these that condition is
prescribed that the curve in question is normal to the given one. But before I
end this paper, I want to add an extraordinary theorem for the analysists to
examine, whose truth is easily seen from the foundations constituted up to
this point and which seems to be immensely useful in integral calculus.

THEOREM

Having propounded the differential Zdx, in which Z is an arbitrary function
of the quantities x, y, p = Z—Z, q= Z—z, r= Z—Z etc., and having differentiated it
let

dZ = Mdx + Ndy + Pdp + Qdg + Rdr + etc.,

so that this differential formula Zdx not only contains the first differentials
but even others of higher order, then it is easy to decide whether this integral
formula admits an integration or is a complete differential or not. For, consider
the following expression for constant dx
dP  ddQ d°R
V—N—E—i——dx2 —E—Fetc.,

if which is find equal to zero, the formula Zdx will be integrable; but if not
V = 0, it will not be integrable.
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